The simplest approximations for a continued-fraction representation of the dynamic relaxation function are used to investigate the spin dynamics of paramagnetic EuO. As the result we can see how the considered approximations predict those wavevectors for which a "spin wave" peak appears in the spectrum. Furthermore, the calculated position of this peak is compared with experiment. The correlation theory within the two-pole approximation is presented in a simple and analytic form. 
Intruduction
The properties of EuO, the ferromagnetic material (T C = 69.2 K) [1] [2] [3] are well known as they have been investigated for a long time. However, as it usually happens, some problems are left unsolved. One of them is the problem of predicting correctly those wavevectors for which a "spin wave" peak appears in the spectrum in the paramagnetic state. From the theoretical point of view, it is well known that the dynamic properties of the system are well described by means of the continued-fraction representation of the dynamic relaxation function (A q A −q ) z [4] . However, this theory is difficult except for simple systems. Therefore, in practice the following approximations for the dynamic relaxation function are used: (a) a Lorentzian approximation, (b) a two-pole approximation, (c) a cut-off two-pole approximation, (d) a three-pole approximation. The frequency and wavevector dependence of the line-shape function F (q, ω) in the critical and paramagnetic state can be also calculated for a Heisenberg ferromagnet using the mode-coupling theory [5, 6] . In paper [6] the mode-coupling theory was compared with experimental values for EuO (for small values of q at q = 0.15Å −1 and q = 0.3Å −1 ). In this case good agreement was obtained. In paper [6] the calculations for EuO showed that this theory correctly describes F (q, ω) at T = 1.68T C and q = q max = 1.0Å −1 (q max is the zone-boundary wavevector in direction), but
does not predict the paramagnetic peak at T = T C and q = q max = 1.0Å −1 , also it does not predict the inelastic shoulder in the line shape at the zone boundary. Instead, both theories, the correlation theory within the two-pole approximation and three-pole approximation predict the existence of the paramagnetic peak. The mode-coupling theory is very difficult from numerical point of view. In this theory the following approximations are applied [6, 7] :
• the dynamical mode-mode approximation for the dynamical relaxation function of four-spin operators (as in the case of the correlation theory within a two-pole approximation);
• the spherical method (random phase approximation (RPA) method) for the static properties of the system (as in the case of the three-pole approximation).
Therefore, the mode-coupling theory will not be used in the present calculations.
In the present paper the results of the above-mentioned approximations, namely (b), (c), (d), will be compared for two quantities:
(1) q * which is the wavevector above which a "spin wave" peak appears in F (q, ω) as a function of ω for a fixed q and T (the results are shown for q in the [1,1,1] direction, and are presented as a fraction of q max ),
(2) the energy of the "spin wave" peak in the neutron scattering spectrum of EuO at a given T for q = q * .
The experimental results are from Refs. [8] and [9] . In the present paper the correlation theory within a two-pole approximation is presented in a simple and analytic form.
EuO
The Heisenberg Hamiltonian for EuO can be written as [1, 10] :
where S i is a spin operator (S = 7/2) on a site of an fcc lattice. Each distinct pair in Eq. (1) is counted once and J ij are the exchange interactions. The experimental values of the nearest (NN) and next nearest neighbour (NNN) interactions (denoted by J 1 and J 2 , respectively) are given in paper [10] . In the case of EuO the Fourier transform of J ij , J q is given by the following formula:
where a is the standard lattice parameter. EuO crystallizes in the NaCl structure with the lattice constant a = 5.12Å.
The mode-coupling theory
In paper [6] the frequency-and wavewector-dependent spin response function was calculated for a Heisenberg ferromagnet using the mode-coupling theory. The results were presented for the critical and paramagnetic regions for EuO. In this theory the following approximations are used:
(a) the projection operator P in the fluctuating force operator
where S is the spin operator, L is the simple Liouville operator and (Ṡ = dS/dt) is neglected, (b) the dynamic relaxation function of four-spin relaxation functions are approximated by products of two-spin dynamic relaxation functions by means of the dynamic mode-mode decoupling procedure [6, 11] (
(c) in order to calculate the static properties of the system, the spherical model will be used because we do not know any simple procedure to calculate, for example, the static susceptibility by means of the mode-coupling theory. The above procedure (b) will be used in the present paper also in the case of the two-pole approximation. The application of the mode-coupling approximation to the study of spin fluctuations in a Heisenberg magnet leads to the following equation for the relaxation function [5] [6] [7] :
(this formula is true if the Hamiltonian has the form (1/2) ij J i,j S i S j ), where the static susceptibility χ(T ) is given by the spherical model [1, 5] (see bellow)).
The numerical method employed to solve Eq. (5) has been described in detail by Cuccoli et al. [6] . We recall only that, for the static susceptibility which must be inserted in the theory, we have used the spherical model, because the form is consistent with the dynamical equations. Moreover this susceptibility is in satisfactory agreement with experimental data if the temperature is not too close to T C . The need of having a prescription for the susceptibility is a weakness of the mode-coupling theory, since the prescription is a necessary approximation. We do not know how the uncertainty in the susceptibility influences the usefulness of the theory. A similar dilemma exists in using the three-pole approximation [10] . Equation (5) can be written in another form [6] :
Finally, we obtain the function F (q, ω) using a simple fast Fourier (Laplace) transform routine (the numerical method). Taking into account the Laplace transform of (5), we can obtain the known equation for the line-shape function F (q, z) [4] :
where the Laplace transformed relaxation function of the random force
(in the mode-mode coupling approximation) is given by the formula (for the Hamiltonian (1))
The above equation (9) was obtained by Lindgård [1] . In the case of a two--pole approximation we have [1, 4, 12, 13] (f (q)f
β q is the damping parameter. In the case of the three-pole approximation we have [4, 10] (
where
q are the second and fourth frequency moments of F (q, ω) and τ = (πδ 2 /2) −1/2 . The line-shape function F (q, ω) can be obtained using the following formula:
(Re denotes real part of F (q, z)).
The correlation theory within a two-pole approximation
As it was written in paper [12] , the idea of the correlation theory is to calculate both the static and dynamic properties self-consistently, including correlation effects in a mode-mode coupling approximation. The theory has previously been reviewed in detail [13] (all equations are also given in paper [12] ). The correlation theory within a two-pole approximation gives the following form for the line-shape function F (q, ω) (using formulae (10) and (12)):
The damping parameter β q , in this theory, is determined (see Sec. 6) using a simplest approximation for the Laplace transformed relaxation function of the random force in the form (the paramagnetic state)
and δ 1 = ω 2 q the second frequency moment of the line-shape function F (q, ω). Calculating the commutator on the right hand side of (15) for the Hamiltonian (1), we must use the mode-mode approximation for the dynamical relaxation function of four-spin operators [11] . On both sides of (15) static correlation functions appear which are given by the following formula:
Using the formula for the line-shape function F (q, ω) (14) we obtain the following formula for the static correlation function by means of the residues (see also [14] ):
χ(q) is the static wavevector-dependent susceptibility, T is the temperature, k B is the Boltzmann constant. From now on we set k B and alsoh equal to unity, so energies and frequencies will be in units of K. We notice from (17) that S z (q)S z (−q) is different from the RPA model which gives χ(q) k B T . Both models give the same results in the limit T = ∞. The static equations in the correlation theory for a simple Hamiltonian of the type (1) give the following formula for the static susceptibility [1] :
In the spherical model (RPA method) χ(q) = S z (q)S z (−q) /T , then we can exactly obtain Eq. (33) of paper [5] , as it should be. In the case of EuO the above formula can be written in another form:
The parameters α 1 , α 2 , α 3 , α 4 are expressed in terms of the static correlation functions:
The second frequency moment δ 1 of the line-shape function F (q, ω) can be expressed in terms of the static correlation functions:
Because, the static correlation function (17) is expressed by the parameters α i (i = 1, . . . , 4) through the second frequency moment and χ(q), therefore these parameters can be calculated in a self-consistent way, solving a set of equa-tions (22), by means of the Newton method (for a fixed value of β q ). From (19) χ(0) is given by the following formula:
The critical temperature T C is a temperature at which χ(0) diverges
It should be noted that the conditions (25) and Eq. (24) are true also in the case of the RPA method, when the parameters α i = α i (T ), (i = 1, . . . , 4) are calculated by means of this method.
For T > T C the line-shape function F (q, ω) (14) has two resonances, namely at ω q = ±α q + iβ q . For α q > β q we have two distinct peaks. These are called the sloppy spin waves in the paramagnetic phase, as observed in EuO. The "sloppy spin wave frequency" is at ω peak = ± α 2 q − β 2 q . The spin waves are overdamped for α q < β q and ω peak = 0. Because in paper [15] the formulae for the lineshape function F (q, ω) were compared in both cases, the two-pole approximation and double Lorentzian approximations (for small values of q and T = 66 K, here T C = 69.4 K), by fitting to the experimental data of spin waves in EuO, therefore below, the formula for F (q, ω) will be given in the case of double Lorentzian form (for T < T C )
Here the damping parameter β q and Γ q are related to lifetime of excitations. The diffusive scattering case is often approximated by a simple Lorentzian
The wavelength-dependent susceptibility χ(q) is usually expanded to the second order in q as
this defines the correlation length ξ −1 = κ 1 .
The cut-off two-pole approximation
In paper [1] there was used the cut-off two-pole approximation, in which the line-shape F (q, ω) is cut-off at frequency ω c determined by the fourth frequency moment ω 4 q (see appendix A). This function has the harmonic oscillator form with poles ω ± α q + iβ q :
where a
And the static correlation function S z (q)S z (−q) is determined by the following formula:
The frequency moments are given by the formula ω 
The damping parameter
The wavevector and temperature dependence of the damping parameter β q can be obtained using Eqs. (15) and (9) for Hamiltonian (1) as well as using the following approximations [1] : (a) calculating the commutators on the right hand side of Eq. (15) we obtain the dynamic relaxation function of the four operators which we approximate by products of the dynamic relaxation function of two-spin operators by means of the mode-mode decoupling procedure [11] ; (b) under the sum over k and the integral over t, the precise frequency dependence of the Laplace transform of the relaxation function of two-spin operators (S z (k, t)S z (−k)) on the right hand side of the formula (9) is not important. It is therefore justified to approximate (9) further by a simple Lorentzian line-shape (which can easily be Laplace transformed)
with the same area and halfwidth as the cut-off two-pole line-shape (14) . The halfwidth frequency is then given by:
Using (15) and (10) and the approximation (31) one obtains the following equation for the self-consistent determination of β q :
Finally, as was written in [1] , the wavevector dependence for the damping parameter β q was found for the fcc lattice to be well represented by a Fourier expansion
where b n are temperature-dependent constants which can be found in terms of the static properties by considering four wavevectors from the Brillouin zone in Eq. (33) (near T C it may be better to expand β −1 q in (34) [1, 13] ).
The three-pole approximation within RPA method
From the theoretical point of view, it is well known that in the continued--fraction theory [4] the three-pole approximation is the obvious mathematical next step beyond the two-pole approximation in which line-shape function F (q, ω) is given by
q are the second and fourth frequency moments of F (q, ω),
In paper [10] all quantities, which describe static properties of EuO, were evaluated by the spherical approximation (RPA method). ω 2 q and ω 4 q can be expressed in terms of the static correlation functions (see also the formulae (18) and (19))
The magnetic susceptibility χ(q = 0) = χ(0) is determined by the sum rule
At T C one has χ(0) = 0 so the transition occurs when
The shape function F (q, ω) (35) has either one peak ω = 0 if δ 2 > 2δ 1 or three peaks, at ω = 0, and ω = ±ω sw if δ 2 < 2δ 1 . We shall call maximum at ω = ω sw the "spin wave" peak. Finally, to understand the structure of F (q, ω) we better rewrite it in a more transparent form
with γ = (2δ 2 /π) 1/2 and ω 2 0 = δ 1 . Equation (40) resembles a damped harmonic oscillator (14) . They have an identical form.
Results and comparison with experiment
First of all we describe the available experimental data. The experimental values of the reduced temperature dependence of the susceptibility χ(T )/χ(0) (where χ(0) = S(S + 1)/(3T )) of EuO is given in paper [3] . The observed value of T C was 69.25 ± 0.05 K. In [2] the Curie temperature was determined by measuring the temperature dependence of the critical scattering and the value T C = 69.25 ± 0.05 K was obtained. Using a simple Lorentzian function (27) the linewidth Γ q was also determined in the form Γ q = Aq 2.5 , where A = 8.3 meVÅ
2.5
for q < 0.3Å −1 . In the small-q region it is more appropriate to compare the linewidth measurements with the dynamical scaling approach performed by Riedel and Hubbard who predicted A = 6.4 meVÅ 5/2 [17] and 7.0 meVÅ 5/2 [5] , respectively. These values are in good agreement with the experimental value. In [3] from inelastic neutron scattering above T C there were obtained:
−γ (where the critical parameter γ = 1.387), and also the formula for the inverse spin correlation range κ 1 in the form a nm κ 1 
, where a nm = 3.64Å is defined to be the nearest-neighbour distance, the constants ν and F + have values: ν = 0.681 ± 0.17 and F + = 2.32 ± 0.13. Mook [8] presents spectra for the relaxation function (S z (q)S z (−q)) ω = χ(q)F (q, ω) at T /T C = 1.0, 1.27, and 2.0. At each of these temperatures "spin wave" peaks are seen in the [1,1,1] direction for q/q max =1.0 but not for q/q max =0.5, where q max is the zone-boundary wavevector in the direction considered. As was noted in [2] the experimental value of q max is q max = 1.06Å
and the theoretical value is q max = 1.0Å −1 . In paper [1] the calculated temperature dependence of the magnetic susceptibility χ(T )/χ(0) was presented using the formula of type (24). The theoretical values of χ(T )/χ(0) were compared to the experimental results. The agreement between theory and experiment is quite satisfactory. In [16] the experimental values of δ 1 and δ 2 from formula (35) were obtained by fitting F (q, ω) to experimental data. The theoretical values for these parameters were calculated by means of the spherical model (38)-(40). It should be noted that these parameters are almost identity at the zone-boundary for T = T C and T = 1.68T C . It should be also noted that in paper [16] the paramagnetic experimental peaks were obtained in the spectrum for 0.7Å −1 and 1.0Å −1 at T = T C and at T = 1.68T C (116 K). These peaks were very well described by means of the three-pole approximation. In this paper the calculated values of the line-shape function F (q, ω) were plotted for [1, 1, 1] , [1, 1, 0] , and [1,0,0] directions. It should be noted that the scattering is very isotropic, in fact, the peak positions do not deviate by more than half the resolution width (0.4 meV) from each other. In [15] the data from the polarized neutron experiments were fitted to both a two-pole approximation (14) and double Lorentzian (26) forms for F (q, ω), T < T C (here T = 66 K and T C = 69.4 K). The two-pole approximation (14) gave a significantly better fit.
TABLE I
Calculated MFA, RPA, CT, and measured transition temperatures in K. MFAmean field approximation, RPA -random phase approximation, CT -correlation theory, exp -experiment [2, 3] . Now, let us describe our results. In Table I the theoretical and experimental values of the critical values T C are presented for EuO obtained using the formula (25), for RPA, and correlation theory, and in the case of mean field approximation (MFA), the simple formula T C = (1/3)S(S + 1)J(0) [10] . In Table II the calculated values of the energy of the "spin wave" peak ω sw are presented for Table III there are presented the calculated values of the wavevector q * above which a "spin wave" peak is observed in the shape function F (q, ω) as a function of ω and q at different values of T /T C . Looking at Tables II and III one can say that there is a better overall agreement between the calculated and experimental values in the case of the three-pole approximation than the two-pole approximation. From the theoretical point of view, it is well known that in a continued fraction theory [4] a three-pole approximation is the obvious mathematical next step beyond the twopole approximation. As it noted by Lindgård [13] , the introduction of the cut-off two-pole approximation does not influence any of the qualitative results, however, the quantitative values for α q and β q (in Eqs. (14) , (17) ) will be somewhat changed, and so also, the predicted values of the positions of the peaks that appear in the spectrum. Our calculations show the quantitative difference between these approximations for EuO in predicting the shape of the spectrum. However, in the case of three-pole approximation the frequency moments were calculated here in the approximate way, by means of the RPA method (the spherical approximation) and in the case of a two-pole approximation the second frequency moment is calculated in a self-consistent way. All considered theories predict a "spin wave" peak in the spectrum only for q > 0.5q max . This is in agreement with experiment. Finally, it should be noted also that, in the present paper, the correlation theory was presented in the simple and analytic form (see the formulae (14), (17), (19), (23)- (25)). The simple and analytic formulae (14) , (17), (19), (23)-(25) can be derived for all magnetic materials, where the magnetic properties are described by the Hamiltonian of type (1) . Finally, it should be emphasised that:
(a) in the case of both the mode-coupling theory and three-pole approximation for dynamical relaxation function we do not know a simple procedure to calculate the static properties of the system by means of the given approximation, therefore we must use the spherical method (RPA method);
(b) in the case of a two-pole approximation we do not know the wavevector and temperature dependence of the damping parameter β q , therefore we must use the approximate relation β q of type (34);
(c) the presented form of the correlation theory within a two-pole approximation has a simple form from the numerical point of view. The obtained equations in this theory can be solved by means of the simple Newton method.
